Consonance is related to the perception of pleasantness arising from the combination of sounds and has been approached quantitatively using mathematical relations, physics, information theory and psychoacoustics. Tonal consonance is present in timbre, musical tuning, harmony and melody, and it is used for conveying sensations and emotions in music. It involves the physical properties of sound waves and is used to study melody and harmony through musical intervals and chords. From the perspective of complexity, the macroscopic properties of a system with many parts frequently rely on statistical properties of its constituent elements. Here we show that melody in musical pieces can be described in terms of the physical properties of melodic intervals and the existence of an entropy extremalization principle in music with psychoacoustic macroscopic constraints given by conserved quantities with musical meaning. This result connects human perception with human creativity through the physical properties of the musical stimulus.
Pythagoras found that two sounds emitted simultaneously by vibrating strings of equal tension and density produce a pleasant sensation when the ratio between their lengths corresponds to the ratio between two small natural numbers ⁄ 1,2 . This sensation is formally defined as consonance and it is present in melody, harmony, timbre and musical tuning 2,3,4 . Many authors relate consonance with conveying musical information as emotions and meaning 5,6,7, 8 . From the perspective of the nature of tonality, consonance and dissonance give rise to emotions through tension and relaxation 6 in passages from satisfaction to dissatisfaction and again to satisfaction 7,9 . A starting point for studying consonance is the superposition of pure tones or harmonic sound waves with frequency 1,10,11 . Musical instruments produce complex tones that can be represented by a superposition of pure tones; the set of frequencies with their corresponding amplitudes is the spectrum and characterizes the timbre of the instrument 1 . Pitch is a subjective quality of sound that judges its height and depends strongly on the lowest frequency of the spectrum, the fundamental 1 .
Reinier Plomp and Willem Levelt found that the consonance level of pairs of simultaneous pure tones is related to the beats produced by fluctuations in the peak intensity of the resulting sound waves 2,12 (Supplemental Note 1). This approach to consonance is known as tonal or sensory because it depends on the physical properties of the stimulus regardless of the cultural context of listeners 12,13 . William Sethares assigned a level of tonal consonance to timbre using the spectrum of the emitted sound and connected timbre with musical tuning 4,14 . Musical tuning refers to adjusting a set of pitches to a musical scale using a fixed pitch of reference. Usually, a musical scale is a set of mathematical relations among the fundamental frequencies of pitches. Pairs of pitches in a musical scale define musical intervals with length given by the number of pitches between them. In musical theory the level of consonance assigned to a musical interval usually depends on its length and is frequently used to analyze harmony 15 .
Since musicians tend to apply the same rules for judging the consonance level of simultaneous and successive pitches (harmonic and melodic intervals respectively), and the short-term persistence of pitch in auditoriums may give rise to consonance sensations for successive pitches 3 , then tonal consonance is suitable for analyzing melody. The New Grove Dictionary of Music and Musicians defines melody as "pitched sounds arranged in musical time in accordance with given cultural conventions and constraints" 16 . A definition that encompasses music and speech was given by Aniruddh Patel 17 : "an organized sequence of pitches that conveys a rich variety of information to a listener".
George Kingsley Zipf reported that the frequency of occurrence of melodic intervals in masterpieces of Western tonal music is inversely proportional to their length 18 .
From the information theory perspective, Güngör Gündüz and Ufuk Gündüz measured the probability of occurrence of musical notes during the progress of melodies and found that entropy grows until a limiting value smaller than the entropy of a random melody 19 .
Psychoacoustic representation of consonance
The approach of Plomp and Levelt to tonal consonance of complex tones is independent of musical scales. They found that an interval of a given length might be more or less consonant depending on its timbre and location in the register and that this variation through the register is continuous and soft 12 . They used two quantities for parametrizing the tonal consonance level of complex tones: The lowest fundamental frequency of the pair of pitches and the ratio between the fundamental frequencies ⁄ 12 . This set of parameters is equivalent to one with the same ratio ⁄ and the absolute value of the difference between the fundamental frequencies | − | (Supplemental Note 2). For scales based on the Pythagorean rule the difference of fundamental frequencies is related with their sum
(1) For the Just and the Pythagorean scales the quantity ( − )/( + ) depends on the length ≡ ( , ) of the corresponding interval and for ≠ (i.e. ≠ 0) this relation can be expressed as (Figure 1 )
(2) with ℎ = 0 for > and ℎ = 1 for < . Up to three octaves, as melodic intervals in musical pieces usually do not exceed this length 15,20 , the fit parameters to a power law for the Pythagorean scale are = 30.801 ± 0.184 and = 0.918 ± 0.006, with 2 = 0.9988, and for the Just scale are = 31.176 ± 0.149 and = 0.925 ± 0.005, with 2 = 0.9992. Equation (2) does not hold for tempered scales, however since pitches in the Twelve-Tone Equal-Tempered scale are given by = 1 √2
12
, where 1 is a reference frequency, then Hence, for these scales, the sum of the fundamental frequencies contains information about the height of pitches and, from equations (2) and (4), about the tonal consonance parameter | − | per unit of interval length, as ≅ −1.
Since each ratio ⁄ corresponds to a length and it depends on the ratio ( − )/( + ), then a complete description of tonal consonance can be made using the sum and the difference of the fundamental frequencies. Additionally, the set of these two quantities distinguishes each pair of pitches as there are two equations with two variables, therefore relating the use of tonal consonance in a musical piece with the selection of pitches made by the composer. A quantity that combines the two parameters selected for describing tonal consonance for complex tones is 2 − 2 = ( + )( − Figure 1 ), this quantity allows reconstructing both parameters, ( + ) and ( − ), as well as assigning a tonal consonance level to each pair of pitches. If both sound waves propagate in the same medium (with density ) and their amplitudes and phases are assumed to be equal then the quantity 2 − 2 is proportional to the difference of the average density of the total energy carried by the two waves 〈ϵ 〉 − 〈ϵ 〉 = 2 2 ( 2 − 2 ) 21 . This relation holds for pure tones and for complex tones it corresponds to the difference of the average of the energy density carried by the fundamental components.
The magnitudes of − and 2 − 2 distinguish intervals of equal length played in different parts of the register and between intervals of different length, especially those between one and thirty-six semitones except for unisons = with degenerated value 0, see Finally, this model uses the fundamental for parametrizing pitch and timbre that can be included through consonance curves for complex tones, such as those produced by Plomp and Levelt 12 .
Use of tonal consonance in real melodic lines
We study the use of tonal consonance regarding the selection made by the composer of melodic intervals characterized by their length and position in the register.
For this purpose, we study the probability distribution of the physical quantities − and 2 − 2 .
If indicates the chronological order of appearance of pitches in a melody, then the quantities +1 − and and the complementary cumulative distribution function (CCDF) for | +1 − | and | +1 2 − 2 |, which give information about the functional form of the probability distributions. Since the concept of Chroma states that the consonance level of the unison is equivalent to the corresponding octave 2 and the octave can be an ascending ( +1 ⁄ = 2 1 ⁄ ) or a descending ( +1 ⁄ = 1 2 ⁄ ) transition, then for our analysis we consider the unison as an ascending transition as well as a descending one (Supplemental Note 4). In the cases of ascending transitions ( +1 > ), descending transitions ( +1 < using | +1 − | and | +1 2 − 2 |) and the joint set of them (using | +1 − | and | +1 2 − 2 | for all transitions), the CCDF fit to exponential functions for all sets with average determination coefficient 2 ̅̅̅̅~0 .99
and Standard deviation SD~0.01 (Supplemental Table  2 ). Since the number of transitions in the studied melodic lines is maximum one order of magnitude larger than the total number of possible transitions between pairs of successive pitches in the same ambitus (range between the lowest pitch and the highest one) and the number of possible transitions for any melodic line is finite independently of its length, then the probability distributions must be represented in histograms with bin width moderately dependent on the number of transitions. Table 2 .
From now on we drop in the analysis the quantity +1 − as +1 2 − 2 removes possible degenerations more efficiently (Supplemental Figure 1) , produces better fits to exponential functions (Supplemental Table  2 ) and might be expressed in units of energy.
To present ascending and descending transitions in the same histogram, we merge left and right branches of the distribution functions by defining the bin width as the average of the two bin widths. Then, the probability distribution of +1 2 − 2 can be written as
where the notation emphasizes that these distributions are constructed over bins, and the functional form of the CCDF is
Supplemental Table 4 contains the values of + , − , + , − , + , − , + , − of fits and the determination coefficient 2 . These probability distributions resemble the Asymmetric Laplace Probability Distribution with different amplitudes for positive and negative branches and a discontinuity in the origin 23 . Figure 3 . Figure 4 shows the histogram of the probability distribution of ascending and descending transitions (including unisons) in the case of the first movement of the Partita in A minor BWV 1013 as well as the bin degeneration for the corresponding ambitus. To explain the effect of bin degeneration notice that the distance in 2 between pairs of differences 2 − 2 for the Twelve-Tone Equal-Tempered scale varies in such a way that the number of differences inside an arbitrary bin , it is its degeneration, reduces when | 2 − 2 | increases and the probability distribution is equivalent to the one of a random melodic line (Supplemental Figure  3) . The comparison between the distributions of real melodic lines with those from bin degeneration for the corresponding ambitus indicates that the scale contributes to the observed results but does not explain them. Additionally, the probability distribution for bin degeneration fits better to a Power law function ( 2 ̅̅̅̅ =0.963) than to an exponential function ( 2 ̅̅̅̅ = 0.934) (Supplemental Table 3 ). The quantitative difference between the probability distribution for a real melodic line and its corresponding random one gives information about the order introduced by the composer coming from the selection of successive pairs of pitches. A mathematical tool for comparing two probability distributions is the KullbackLeibler divergence or relative entropy 23
where is the probability distribution for the real melodic line to be compared with the a priori distribution coming from the degeneration of the k th bin and that we associated with a random melodic line with the same ambitus of the real one. is the number of bins coming from the ambitus with 2 ⁄ bins for each branch.
Statistical model
For modeling the system in analogy to equilibrium statistical physics we use the definitions of melody 16,17 and the results obtained by Gündüz and Gündüz 19 , assuming that the composer would have to create a melodic line among the richest ones in terms of the combination of successive pitches. This procedure is equivalent to minimize the relative entropy (7) with mathematical constraints containing relevant musical information.
The first constraint of the model comes from normalization. Since there are three kinds of different melodic intervals (ascending, descending and unisons), then the normalization constraint is given by p + p + p = 1, where p is the probability of ascending intervals, p is the probability of the descending ones and p the probability of unisons. If p is known then p and p can be found from the normalization constraint and the asymmetry between ascending and descending intervals p − p . An equivalent alternative is to use the normalization constraint and to measure from histograms the two observables
The difference between the probability distributions of real melodic lines and their corresponding random ones leads to the second constraint. It comes from the selection made by the composer of the length and position in registry of musical intervals, independently if they are ascending or descending ones, and can be associated with the use of tonal consonance as follows: From equation (2) with ≅ −1 and assuming that each bin can be represented by the median of its extremes (Supplemental Figure 4) , since is linked with the interval length and the tonal consonance parameter | − |, then the expected value of | | is
where 2 is the variance for the length of intervals inside a bin (Supplemental Note 5). Using histograms this is the best estimation that we can make of 〈| |〉. The first term in the second line of equation (9) is related with the dispersion of musical interval length inside each bin and the second term with the location of intervals in the register for each bin. The location of musical intervals is measured in terms of the average of the frequency differences, which is formally related to tonal consonance (Supplemental Note 6).
In this model the expected value 〈| |〉 is conserved just as the expected value of energy in the canonical ensemble model of Statistical physics 24 .
To explore the nature of 〈| |〉 we consider the case in which each bin contains maximum one possible transition. Assuming that the amplitudes of both sound waves are equal, an approximation frequently used in the theory of tonal consonance 11 , then
where 〈|ϵ +1 − ϵ |〉 is the expected value of the magnitude of the difference in the average density of the total energy carried by the two fundamental components of the sound waves: 〈ϵ 〉 − 〈ϵ 〉. Further consequences of this case are presented in Supplemental Note 7. We include a possible asymmetry in the selection of ascending and descending intervals as a third constraint. This asymmetry is present in the difference of the coefficients for left and right branches in equation (5), we first analyze the continuity equation resulting from the fact that the second pitch of a transition is the first pitch of a successive transition. For a continuous segment of M successive pitches, the quantity for this segment is defined as
where is a natural number that indicates the chronological order of appearance of pitches. The magnitude of is smaller than or equal to the difference 2 − 2 , given by the maximum and the minimum frequencies in the ambitus of the melodic line. If we have transitions and continuous segments separated by rests in a melodic line, the expected value of +1 2 − 2 is
Melodic balance and the continuity of musical phrases are common properties of musical pieces, including those from the Baroque and Classical periods 15,20 , leading to values of 〈 +1 2 − 2 〉 much smaller than those of 〈| +1 2 − 2 |〉. Using histograms the best estimation that we can make of the expected value of (12) is
Equation (13) is our last constraint and shows that 〈 〉 is due to the asymmetry in the use of the length and position in the register of ascending (positive terms) and descending (negative terms) intervals. Equations (9) and (13) imply that, unless there is an extremely unusual asymmetry between the use of ascending and descending intervals, 〈 〉 must be much smaller than 〈| |〉 (Supplemental Table 4 ). Minimizing the relative entropy (7) subject to the constraints in equations (8), (9) and (13) we obtain the probability distribution 25 (Supplemental Note 8)
where 1 and 2 are the Lagrange multipliers for constraints (9) and (13) Table 4 ). To compare probability distributions of different melodic lines, independently if they come from empirical data or the statistical model, we use the CCDF. For the statistical model CCDF can be generated dividing the probability of a bin between all the possible transitions inside it from the ambitus of the corresponding melodic line; here we randomly distribute the probability inside each bin. 
Conclusions
Emergent properties in music, present in melodic lines, are portrayed by the occurrence of macroscopic quantities associated with the tonal consonance phenomenon. Melody is represented in terms of the physical parameters of consonance and an entropy extremalization principle, with the selection made by composers of melodic intervals expressed by two macroscopic conserved quantities with musical meaning: 〈|ε|〉 measures the average preference about the length and the position in the register of melodic intervals, and 〈ε〉 measures the macroscopic asymmetry in the use of ascending and descending intervals. These results show that creativity in music involves rules and principles similar to those found in macroscopic physical systems, like energy conservation and entropy maximization. While many non-physical complex systems present similar emergent properties, here the variable used for describing the microscopic properties of the system is a physical quantity functionally similar to energy. This equation indicates that the frequency of the oscillations in time depends just of + and − , independently of phases and amplitudes. Since = 2 then the frequency of oscillations is given by the sum and the difference of the frequencies 1 and 2 . In the case of sound waves, for | 1 − 2 | ≤ 20 with | 1 − 2 | ≪ 1 + 2 people hear a tone of frequency = ( 1 + 2 ) 2 ⁄ with beats (shocks waves produced by fluctuations in the peak intensity) at the frequency = | 1 − 2 |. This can be seen directly by plotting the final equation of the superposition and counting the number of fast oscillations and peaks in the amplitude per unit of time.
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Supplemental Note 2:
Reinier Plomp and Willem Levelt parameterized the consonance level of pairs of complex tones using the relation between tonal consonance and the fundamental frequency of the lowest tone for musical intervals of equal interval length. Using the fact that for the fundamental frequencies of a pair of complex tones the interval relation = α ( − ) • , with α ( − ) given by the interval length − for an specific musical scale, the frequency difference − can be written as − = (α ( − ) − 1). Since α ( − ) − 1 is constant for intervals of equal length, then tonal consonance and the difference of the fundamental frequencies have the same functional relation. for < .
We also use this procedure to obtain the degenerations equations for the difference of frequencies − = −
for < .
We generate all possible combinations of the coefficients α ( − ) to find the number of times that the degeneration equations are satisfied, which depends of the precision in the decimal places. Supplemental Figure 1 shows the percentage of times that the degeneration equations are satisfied, over a total range of 87 × 87 × 87 = 658503 possibilities (corresponding to an 88 pitch musical instrument like a 88-key piano), as a function of the precision (measured in decimal places) used to calculate the left and the right part of the degeneration equations. The values of α for the Pythagorean, Just and Twelve Tone Equal Tempered scales are calculated from the values ⁄ and ⁄ presented in the Supplemental Table 1 . For all scales, the α coefficients corresponding to intervals larger than one octave are obtained by multiplying the corresponding coefficient of the previous octave by 2. In our algorithm, the degeneration equations are satisfied when the absolute value of the difference between the left and the right parts of each equation is less than 1 × 10 −15 .
Supplemental Note 4:
We begin the bin count considering the bin box [0 Hz 2 , x Hz 2 ) for ascending transitions and the bin box (y Hz 2 , 0 Hz 2 ] for descending transitions, where x and y are the bin width of the histogram generated by the Sturges criterion.
Supplemental Note 5:
Since each bin is represented by the average of its extremes and this number corresponds to the average of all possible states in the bin [( 2 − 2 ) ̅̅̅̅̅̅̅̅̅̅̅̅̅ ] generated from the corresponding ambitus, then we can link the quantities 〈| |〉 and 2 − 2 and measure the expected value as
The last equation depends on the quantity [| 2 − 2 | ̅̅̅̅̅̅̅̅̅̅̅̅ ] that can be calculated for each bin from the relation + = (−1) ℎ ( − ) using the fact that 2 − 2 = ( + )( − ). Then
where the sum runs from = 1 to the total number of possible transitions 2 − 2 in the th bin, = . As there are different combinations of pairs of frequencies that generate the same interval length we can split the sum in as many terms as possible interval lengths inside the bin
where the sum over all possible transitions inside the bin is expressed as a sum over all possible interval lengths inside it. In the last equation the sum runs from = 1 to the maximum interval length in the k th bin, = . ( ) is the probability of finding an interval of length inside the k th bin and ( − ) 2 ̅̅̅̅̅̅̅̅̅̅̅̅ is the average of the quantity ( − ) 2 for intervals with length inside the bin.
The quantity ( − ) 2 ̅̅̅̅̅̅̅̅̅̅̅̅ can be related to the tonal consonance parameter − over a single interval length expressing it as
, where 2 is a variance that measures the spreading of forms used to construct a single kind of interval of length in the k th bin and | − | ̅̅̅̅̅̅̅̅̅̅ 2 depends of the average of the absolute value for the frequency differences of a single interval length x. Then
Taking ≅ −1 and using the notation 〈 The frequency difference | − | is a soft function of the tonal consonance . Since inside a bin the frequency differences of the same interval length are near between each other, then we can approximate the relation between tonal consonance and frequency difference around a point using the Taylor series
Taking the mean value of the frequency differences of the same length x inside the bin
and taking as the mean value of the tonal consonance corresponding to the frequency differences of the same length inside the bin:
This result implies that the average of the frequency differences corresponds to the frequency difference that is representative of the corresponding average of tonal consonance.
Supplemental Note 7: From equation (9)
when each bin contains maximum one possible transition the first term vanishes and the average disappears
where runs from 1 to the total number of possible interval lengths in the corresponding ambitus, ℎ refers to the possible locations of length for a given musical interval in the register and runs from 1 to the total number of possible positions in the register, ℎ is the probability of finding inside the melodic line a particular interval of length in the position ℎ of the register.
Supplemental Note 8:
In analogy to the Gibbs-Boltzmann entropy maximization principle in Physics, that produces the probability distribution by maximizing the quantity = − ∑ ln ( ) =1 subject to constraints, maximizing the quantity − = − ∑ ln ( ) =1 subject to constraints when there is an a priori distribution produces the probability distribution . The probability distribution contains information about the degeneration of the accessible states and satisfies that 0 < < 1. A maximum of the quantity − is equivalent to a minimum of the quantity . According to the Lagrange Multipliers theory, in order to find an extreme value of the quantity − ∑ ln ( ) scales and taking 13 decimal places, the number of times that the degeneration equations are satisfied for the quantity 2 − 2 reduces to 7 and 3 respectively (corresponding to a an order of magnitude of 1E-5 in the probability), however for the quantity − the number of times that the degeneration equations are satisfied reduces to 341 and 92 respectively (corresponding to a an order of magnitude of 1E-3 in the probability). In our algorithm, the degeneration equations are satisfied when the absolute value of the difference between the left and the right part of each equations is less than 1 × 10 −15 .
Supplemental Figure 2| Relation between the quantity − and the interval length for an 88 key piano tuned using the frequency relation for the Twelve Tone Equal Temperate scale ( = √ ) with = . The quantity − distinguishes intervals of equal length played in different parts of the registry and between intervals of different length. The upper branch comes from = 88 (highest pitch) and varying from 88 to 1. Tables   Supplemental Table 1| Coefficients for generating the Pythagorean, Just and Twelve Tone Equal Tempered scales. Interval length runs up to one octave (12 semitones).
Supplemental Table 2| Determination Table 3| Functional form of the "degeneration" distribution for the Twelve-Tone Equal-Tempered scale. Determination coefficient R 2 for the fit to exponential and power law functions of the "degeneration" distribution. 
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